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Abstract
In this paper, we construct an iterative process involving a hybrid pair of a ﬁnite family
of generalized asymptotically nonexpansive single-valued mappings and a ﬁnite
family of generalized nonexpansive multi-valued mappings and prove weak and
strong convergence theorems of the proposed iterative process in Banach spaces.
Our main results extend and generalize many results in the literature.
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1 Introduction
Throughout this paper we denote by N the set of all positive integers. Let X be a Banach
space and let D be a nonempty subset of X. Let CB(D) and KC(D) denote the families of
nonempty, closed, and bounded subsets and nonempty, compact, and convex subsets ofD,









for A,B ∈ CB(D),
where dist(x,D) = inf{‖x – y‖ : y ∈ D} is the distance from a point x to a subset D. Let
t be a single-valued mapping of D into D and T be a multi-valued mapping of D into
CB(D). The set of ﬁxed points of t and T will be denoted by F(t) = {x ∈ D : x = tx} and
F(T) = {x ∈D : x ∈ Tx}, respectively. A point x is called a common ﬁxed point of t and T if
x = tx ∈ Tx.
Deﬁnition . A single-valuedmapping t :D→D is said to be generalized asymptotically
nonexpansive if there exist sequences {kn} ⊂ [,∞) and {sn} ⊂ [,∞) with limn→∞ kn = ,
limn→∞ sn =  such that
∥∥tnx – tny∥∥ ≤ kn‖x – y‖ + sn,
for all x, y ∈D and n ∈N.
© 2015 Suantai and Phuengrattana; licensee Springer. This article is distributed under the terms of the Creative Commons Attri-
bution 4.0 International License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the
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In the case of sn = , for all n ∈N, a single-valued mapping t is called an asymptotically
nonexpansive mapping. In particular, if kn =  and sn = , for all n ∈ N, a single-valued
mapping t reduce to a nonexpansive mapping. The ﬁxed point property for generalized
asymptotically nonexpansive single-valued mappings can be found in []. The following
example shows that the ﬁxed point set of a generalized asymptotically nonexpansive map-
ping is not necessarily closed; see also [].





x, if x ∈ [– , ),

 , if x = ,
x, if x ∈ (,  ].
Then t is generalized asymptotically nonexpansive and F(t) = [– , ) which is not closed.
Deﬁnition . A multi-valued mapping T :D→ CB(D) is said to be
(i) nonexpansive if H(Tx,Ty)≤ ‖x – y‖, for all x, y ∈D;
(ii) quasi-nonexpansive if F(T) = ∅ and H(Tx,Tp)≤ ‖x – p‖, for all x ∈D and p ∈ F(T).
The study of ﬁxed points for nonexpansive multi-valued mappings using the Hausdorﬀ
metric was initiated byMarkin []. Diﬀerent iterative processes have been used to approx-
imate ﬁxed points of nonexpansive and quasi-nonexpansive multi-valued mappings; in
particular, Sastry and Babu [] considered Mann and Ishikawa iterates for a multi-valued
mapping T with a ﬁxed point p and proved that these iterates converge to a ﬁxed point
q of T under certain conditions. Moreover, they illustrated that the ﬁxed point q may
be diﬀerent from p. Later in , Panyanak [] generalized results of Sastry and Babu
[] to uniformly convex Banach spaces and proved a convergence theorem of Mann iter-
ates for a mapping deﬁned on a noncompact domain. In , Shahzad and Zegeye []
proved strong convergence theorems for the Ishikawa iteration scheme involving quasi-
nonexpansive multi-valued mappings. They constructed an iterative process which re-
moves the restriction of T , namely end-point condition, i.e., Tp = {p} for any p ∈ F(T); see
also [, ].
In , Garcia-Falset et al. [] introduced a new condition on single-valued mappings,
called condition (E), which is weaker than nonexpansiveness. Later, Abkar and Eslamian
[] used a modiﬁed condition for multi-valued mappings as follows.
Deﬁnition . A multi-valued mapping T : D → CB(D) is said to satisfy condition (Eμ)
where μ ≥  if for each x, y ∈D,
dist(x,Ty)≤ μdist(x,Tx) + ‖x – y‖.
We say that T satisﬁes condition (E) whenever T satisﬁes (Eμ) for some μ ≥ .
Remark . From the above deﬁnitions, it is clear that if T is nonexpansive, then T sat-
isﬁes the condition (E).
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In , Sokhuma and Kaewkhao [] introduced the following iterative process for ap-
proximating a common ﬁxed point of a pair of a nonexpansive single-valued mapping t
and a nonexpansive multi-valued mapping T :
{
yn = ( – αn)xn + αnzn,
xn+ = ( – βn)xn + βntyn, n ∈N, (.)
where x ∈D, zn ∈ Txn, and  < a≤ αn,βn ≤ b < . They also proved a strong convergence
theorem for the iterative process (.) in uniformly convex Banach spaces.
In , Eslamian [] extended the results of [, ] in uniformly convexBanach spaces.
He used the following iterative process for a pair of a ﬁnite family of asymptotically non-
expansive single-valued mappings {ti}Ni= and a ﬁnite family of quasi-nonexpansive multi-
valued mapping {Ti}Ni=:
{









n tni yn, n ∈N,
(.)










In this paper, motivated by the above results, we propose an iterative process for approx-
imating a commonﬁxed point of a pair of a ﬁnite family of generalized asymptotically non-
expansive single-valued mappings and a ﬁnite family of quasi-nonexpansive multi-valued
mappings and proveweak and strong convergence theorems of the proposed iterative pro-
cess in Banach spaces.
2 Preliminaries
A Banach space X is called uniformly convex if for each ε >  there is a δ >  such that
for x, y ∈ X with ‖x‖ ≤ , ‖y‖ ≤ , and ‖x – y‖ ≥ ε, ‖x + y‖ ≤ ( – δ) holds. The following
result was proved by Xu [].
Proposition . Let X be a uniformly convex Banach space and let r > . Then there exists
a strictly increasing, continuous, and convex function g : [,∞)→ [,∞)with g() =  such
that
∥∥λx + ( – λ)y∥∥ ≤ λ‖x‖ + ( – λ)‖y‖ – λ( – λ)g(‖x – y‖)
for all x, y ∈ Br = {z ∈ X : ‖z‖ ≤ r} and λ ∈ [, ].
ABanach spaceX is said to satisfy theOpial property (see []) if it is given thatwhenever
{xn} converges weakly to x ∈ X,
lim sup
n→∞
‖xn – x‖ < lim sup
n→∞
‖xn – y‖
for each y ∈ X with y = x. The examples of Banach spaces which satisfy the Opial property
are Hilbert spaces and all Lp[, π ] with  < p =  fail to satisfy the Opial property.
The following results are needed for proving our results.
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Deﬁnition . (see []) Let F be a nonempty subset of a Banach space X and let {xn}
be a sequence in X. We say that {xn} is ofmonotone type (I) with respect to F if there exist
sequences {δn} and {εn} of nonnegative real numbers such that∑∞n= δn <∞,
∑∞
n= εn <∞,
and ‖xn+ – p‖ ≤ ( + δn)‖xn – p‖ + εn for all n ∈N and p ∈ F .
Proposition . (see []) Let F be a nonempty subset of a Banach space X and let {xn} be a
sequence in X. If {xn} is of monotone type (I)with respect to F and lim infn→∞ dist(xn,F) = ,
then limn→∞ xn = p for some p ∈ X satisfying dist(p,F) = . In particular, if F is closed, then
p ∈ F .
Lemma . (see []) Let {an}, {bn}, and {cn} be sequences of nonnegative real numbers
satisfy
an+ ≤ ( + cn)an + bn, for all n ∈N,
where
∑∞
n= bn <∞ and
∑∞
n= cn <∞. Then:
(i) limn→∞ an exists.
(ii) If lim infn→∞ an = , then limn→∞ an = .
Lemma . (see []) Let X be a uniformly convex Banach space, let {λn} be a sequence of
real numbers such that  < a≤ λn ≤ b < , for all n ∈N, and let {xn} and {yn} be sequences
of X satisfying, for some r ≥ ,
(i) lim supn→∞ ‖xn‖ ≤ r,
(ii) lim supn→∞ ‖yn‖ ≤ r and
(iii) limn→∞ ‖λnxn + ( – λn)yn‖ = r.
Then limn→∞ ‖xn – yn‖ = .
Lemma . (see []) Let X be a Banach space which satisﬁes the Opial property and {xn}
be a sequence in X. Let u, v ∈ X be such that limn→∞ ‖xn – u‖ and limn→∞ ‖xn – v‖ exist. If
{xni} and {xnj} are subsequences of {xn} which converge weakly to u and v, respectively, then
u = v.
3 Main results
In this section, we prove weak and strong convergence theorems of the proposed iterative
process in Banach spaces.We ﬁrst note that if {ti}Ni= is a ﬁnite family of generalized asymp-
totically nonexpansive single-valuedmappings ofD into itself, whereD is a nonempty con-
vex subset of a Banach space X. Then we have ‖tni x– tni y‖ ≤ k(i)n ‖x– y‖+ s(i)n , for all x, y ∈D
and all i = , , . . . ,N , where {k(i)n } ⊂ [,∞) and {s(i)n } ⊂ [,∞) with limn→∞ k(i)n =  and
limn→∞ s(i)n = . Put kn = max≤i≤N {k(i)n } and sn = max≤i≤N {s(i)n }. It is clear that limn→∞ kn =
 and limn→∞ sn =  and
∥∥tni x – tni y
∥∥ ≤ kn‖x – y‖ + sn
for all x, y ∈D, i = , , . . . ,N , and all n ∈N.
In order to prove our main results, the following lemma is needed.
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Lemma . Let D be a nonempty, closed, and convex subset of a Banach space X. Let {ti}Ni=
be a ﬁnite family of generalized asymptotically nonexpansive single-valued mappings of D
into itself with sequences {kn} ⊂ [,∞) and {sn} ⊂ [,∞) such that ∑∞n=(kn – ) < ∞ and∑∞
n= sn < ∞. Let {Ti}Ni= be a ﬁnite family of quasi-nonexpansive multi-valued mappings
of D into CB(D). Assume that F =⋂Ni= F(ti)∩
⋂N
i= F(Ti) is nonempty closed and Tip = {p}
for all p ∈F and i = , , . . . ,N . Let x ∈D and the sequence {xn} be generated by
{




n z(i)n , z(i)n ∈ Tixn,




n tni yn, n ∈N,
where {α(i)n } and {β (i)n } are sequences in [, ] for all i = , , . . . ,N such that∑Ni= α(i)n =  and∑N
i= β
(i)
n = . Then limn→∞ ‖xn – p‖ exists for all p ∈F .
Proof Let p ∈F , for i = , , . . . ,N , we have




∥∥tni yn – p
∥∥





kn‖yn – p‖ + sn
)
= α()n ‖xn – p‖ + kn
N∑
i=




≤ α()n ‖xn – p‖ + kn
N∑
i=
α(i)n ‖yn – p‖ + sn




























































β (i)n H(Tixn,Tip) + sn
≤
(



















‖xn – p‖ + sn
≤ kn‖xn – p‖ + sn
=
(
 + (kn – )
)‖xn – p‖ + sn.
By Lemma .,
∑∞
n=(kn – ) < ∞ and
∑∞
n= sn < ∞, we conclude that limn→∞ ‖xn – p‖
exists for all p ∈F . 
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Theorem . Let D be a nonempty, closed, and convex subset of a Banach space X. Let
{ti}Ni= be a ﬁnite family of generalized asymptotically nonexpansive single-valuedmappings
of D into itself with sequences {kn} ⊂ [,∞) and {sn} ⊂ [,∞) such that ∑∞n=(kn – ) < ∞
and
∑∞
n= sn < ∞. Let {Ti}Ni= be a ﬁnite family of quasi-nonexpansive multi-valued map-
pings of D into CB(D). Assume that F = ⋂Ni= F(ti) ∩
⋂N
i= F(Ti) is nonempty closed and
Tip = {p} for all p ∈F and i = , , . . . ,N . Let x ∈D and the sequence {xn} be generated by
{




n z(i)n , z(i)n ∈ Tixn,




n tni yn, n ∈N,





n = . Then the sequence {xn} converges strongly to a point in F if and only if
lim infn→∞ dist(xn,F ) = .
Proof The necessity is obvious and thus we prove only the suﬃciency. Suppose that
lim infn→∞ dist(xn,F ) = . In the proof of Lemma ., we see that the sequence {xn} is
of monotone type (I) with respect to F . It follows by Proposition . that {xn} converges
to a point in F . 
The closedness ofF =⋂Ni= F(ti)∩
⋂N
i= F(Ti) can be dropped if ti is asymptotically non-
expansive for all i = , , . . . ,N . Then the following corollary is obtained directly fromThe-
orem ..
Corollary . Let D be a nonempty, closed, and convex subset of a Banach space X.
Let {ti}Ni= be a ﬁnite family of asymptotically nonexpansive single-valued mappings of D
into itself with a sequence {kn} ⊂ [,∞) such that ∑∞n=(kn – ) < ∞. Let {Ti}Ni= be a ﬁ-
nite family of quasi-nonexpansive multi-valued mappings of D into CB(D). Assume that
F = ⋂Ni= F(ti) ∩
⋂N
i= F(Ti) is nonempty and Tip = {p} for all p ∈ F and i = , , . . . ,N . Let
x ∈D and the sequence {xn} be generated by
{




n z(i)n , z(i)n ∈ Tixn,




n tni yn, n ∈N,





n = . Then the sequence {xn} converges strongly to a point in F if and only if
lim infn→∞ dist(xn,F ) = .
Recall that a mapping t :D → D is called uniformly L-Lipschitzian if there exists a con-
stant L >  such that ‖tnx – tny‖ ≤ L‖x – y‖ for all x, y ∈ D and n ∈ N. Next, we prove a
strong convergence theorem in a uniformly convex Banach space.
Lemma . Let D be a nonempty, closed, and convex subset of a uniformly convex Banach
space X. Let {ti}Ni= be a ﬁnite family of uniformly L-Lipschitzian and generalized asymptot-
ically nonexpansive single-valued mappings of D into itself with sequences {kn} ⊂ [,∞)
and {sn} ⊂ [,∞) such that ∑∞n=(kn – ) < ∞ and
∑∞
n= sn < ∞. Let {Ti}Ni= be a ﬁ-
nite family of quasi-nonexpansive multi-valued mappings of D into CB(D). Assume that
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F = ⋂Ni= F(ti) ∩
⋂N
i= F(Ti) is nonempty and Tip = {p} for all p ∈ F and i = , , . . . ,N . Let
x ∈D and the sequence {xn} be generated by
{




n z(i)n , z(i)n ∈ Tixn,




n tni yn, n ∈N,









n = . Then we have the following:
(i) limn→∞ ‖xn – z(i)n ‖ =  for all i = , , . . . ,N ;
(ii) limn→∞ ‖xn – tixn‖ =  for all i = , , . . . ,N .
Proof (i) By Lemma ., limn→∞ ‖xn –p‖ exists. Put limn→∞ ‖xn –p‖ = c. By the deﬁnition
of {xn}, we have
∥∥tni yn – p
∥∥ ≤ kn‖yn – p‖ + sn
≤ kn
(






















≤ knβ ()n ‖xn – p‖ + kn
N∑
i=
β (i)n H(Tixn,Tip) + sn
≤ knβ ()n ‖xn – p‖ + kn
N∑
i=








‖xn – p‖ + sn




∥∥tni yn – p
∥∥ ≤ lim sup
n→∞
(
kn‖yn – p‖ + sn
) ≤ lim sup
n→∞
(
kn‖xn – p‖ + sn
)
.
By limn→∞ kn =  and limn→∞ sn = , we have
lim sup
n→∞
∥∥tni yn – p
∥∥ ≤ lim sup
n→∞
‖yn – p‖ ≤ lim sup
n→∞
‖xn – p‖ = c. (.)




∥∥xn – tni yn
∥∥ =  for all i = , , . . . ,N . (.)
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Consider












































‖xn+ – p‖ – ‖xn – p‖
bN + ‖xn – p‖ ≤




+ ‖xn – p‖
≤ kn‖yn – p‖ + sn.
By (.), we obtain
c = lim inf
n→∞
(‖xn+ – p‖ – ‖xn – p‖





kn‖yn – p‖ + sn
)
= lim inf
n→∞ ‖yn – p‖
≤ lim sup
n→∞
‖yn – p‖ ≤ c.
Thus,
c = lim
n→∞‖yn – p‖ = limn→∞
∥∥∥∥∥β
()










∥∥ = dist(z(i)n ,Tip





∥∥ ≤ lim sup
n→∞
‖xn – p‖ = c.




∥∥ =  for all i = , , . . . ,N .
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(ii) Since ti is generalized asymptotically nonexpansive, for all i = , , . . . ,N , we get
∥∥tni xn – xn
∥∥ ≤ ∥∥tni xn – tni yn
∥∥ + ∥∥tni yn – xn
∥∥ ≤ kn‖xn – yn‖ + sn +
∥∥tni yn – xn
∥∥.
By the deﬁnition of {xn}, we have yn – xn =∑Ni= β (i)n (z(i)n – xn). This implies that










∥∥ + ∥∥tni yn – xn
∥∥ + sn.
Then, by (i) and (.), we get
lim
n→∞
∥∥xn – tni xn
∥∥ =  for all i = , , . . . ,N . (.)
For i = , , . . . ,N , we have
‖xn – tixn‖ ≤ ‖xn – xn+‖ +
∥∥xn+ – tn+i xn+
∥∥ + ∥∥tn+i xn+ – tn+i xn
∥∥ + ∥∥tn+i xn – tixn
∥∥
≤ ( + L)‖xn – xn+‖ +
∥∥xn+ – tn+i xn+
∥∥ + L∥∥tni xn – xn
∥∥




∥∥xn – tni yn
∥∥ + ∥∥xn+ – tn+i xn+
∥∥ + L∥∥tni xn – xn
∥∥.
By (.) and (.), we conclude that limn→∞ ‖xn – tixn‖ =  for all i = , , . . . ,N . 
Theorem . Let D be a nonempty, compact, and convex subset of a uniformly convex
Banach space X. Let {ti}Ni= be a ﬁnite family of uniformly L-Lipschitzian and generalized
asymptotically nonexpansive single-valued mappings of D into itself with sequences {kn} ⊂
[,∞) and {sn} ⊂ [,∞) such that∑∞n=(kn –) <∞ and
∑∞
n= sn <∞. Let {Ti}Ni= be a ﬁnite
family of quasi-nonexpansive multi-valued mappings of D into CB(D) satisfying condition
(E). Assume that F = ⋂Ni= F(ti) ∩
⋂N
i= F(Ti) is nonempty and Tip = {p} for all p ∈ F and
i = , , . . . ,N . Let x ∈D and the sequence {xn} be generated by
{




n z(i)n , z(i)n ∈ Tixn,




n tni yn, n ∈N,









n = . Then the sequence {xn} converges strongly to a point
in F .
Proof By Lemma ., we have {xn} is bounded. Since D is compact, there exists a subse-
quence {xnj} of {xn} converging strongly to p ∈D. By condition (E), there exists μ ≥  such
that for i = , , . . . ,N ,
dist(p,Tip)≤ ‖p – xnj‖ + dist(xnj ,Tip)
≤ ‖xnj – p‖ +μdist(xnj ,Tixnj ) + ‖xnj – p‖
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= ‖xnj – p‖ +μdist(xnj ,Tixnj )
≤ ‖xnj – p‖ +μ
∥∥xnj – z(i)nj
∥∥.
Then, by Lemma .(i), we have p ∈ Tip for all i = , , . . . ,N . So p ∈ ⋂Ni= F(Ti).
Since ti is uniformly L-Lipschitzian, for all i = , , . . . ,N , we have
‖tip – p‖ ≤ ‖tip – tixnj‖ + ‖tixnj – xnj‖ + ‖xnj – p‖
≤ (L + )‖xnj – p‖ + ‖tixnj – xnj‖.
By Lemma .(ii), it implies that tip = p for all i = , , . . . ,N . Thus, p ∈ ⋂Ni= F(ti). There-
fore, p ∈F . Since limn→∞ ‖xn – p‖ exists, we get limn→∞ ‖xn – p‖ = limj→∞ ‖xnj – p‖ = .
This shows that {xn} converges strongly to a point in F . 
Next, we give a numerical example to support Theorem ..
Example . Let R be the real line with the usual norm | · | and let D = [, ]. Deﬁne two
single-valued mappings t and t on D as follows:
tx = sinx, tx = x.
Also we deﬁne two multi-valued mappings T and T on D as follows:
Tx =
{
[, x ], x = ;







Let {xn} and {yn} be generated by
{




n z(i)n , z(i)n ∈ Tixn,




n tni yn, n ∈N,
(.)
where α()n = n+n , α
()
n = n–n , α
()
n = n–n , β
()
n = n+n , β
()
n = n–n , β
()
n = n–n , for all
n ∈ N. Then the sequences {xn} and {yn} converge strongly to , where {} = ⋂i= F(ti) ∩⋂
i= F(Ti).
Solution It is shown in [] that both t and t are generalized asymptotically nonexpan-
sive single-valued mappings. Moreover, they are uniformly L-Lipschitzian mappings and⋂
i= F(ti) = {}. It is easy to see that both T and T are quasi-nonexpansive multi-valued
mappings satisfying condition (E) and
⋂




i= F(Ti) = {}.
For every n ∈ N, α()n = n+n , α()n = n–n , α()n = n–n , β ()n = n+n , β ()n = n–n , β ()n = n–n .
Then the sequences {α()n }, {α()n }, {α()n }, {β ()n }, {β ()n }, and {β ()n } satisfy all the conditions of
Theorem .. Put z()n = xn and z
()
n = xn for all n ∈N. Then the algorithm (.) becomes
{
yn = (  +

n )xn,




n )xn + (
n–
n )tn yn, n ∈N.
(.)
Using the algorithm (.)with the initial point x = .,wehave numerical results inTable .
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Finally, we prove a weak convergence theorem in uniformly convex Banach spaces.
Theorem . Let D be a nonempty, closed, and convex subset of a uniformly convex
Banach space X with the Opial property. Let {ti}Ni= be a ﬁnite family of uniformly L-
Lipschitzian and generalized asymptotically nonexpansive single-valued mappings of D
into itself with sequences {kn} ⊂ [,∞) and {sn} ⊂ [,∞) such that ∑∞n=(kn – ) < ∞ and∑∞
n= sn < ∞. Let {Ti}Ni= be a ﬁnite family of quasi-nonexpansive multi-valued mappings
of D into KC(D) satisfying the condition (E). Assume that F = ⋂Ni= F(ti) ∩
⋂N
i= F(Ti) is
nonempty and Tip = {p} for all p ∈ F and i = , , . . . ,N . Let x ∈ D and the sequence {xn}
be generated by
{




n z(i)n , z(i)n ∈ Tixn,




n tni yn, n ∈N,









n = . Then the sequence {xn} converges weakly to a point
in F .
Proof By Lemma ., {xn} is bounded. Since X is uniformly convex, there exists a subse-
quence {xnj} of {xn} converging weakly to p ∈ D. By Lemma ., we have limj→∞ ‖xnj –
z(i)nj ‖ =  and limj→∞ ‖xnj – tixnj‖ =  for all i = , , . . . ,N . We will show that p ∈ F . Since
Tp is compact, for all j ∈ N, we can choose wnj ∈ Tp such that ‖xnj – wnj‖ = dist(xnj ,Tp)
and the sequence {wnj} has a convergent subsequence {wnk } with limk→∞ wnk = w ∈ Tp.
By condition (E), we have
dist(xnk ,Tp)≤ μdist(xnk ,Txnk ) + ‖xnk – p‖.
Then we have
‖xnk –w‖ ≤ ‖xnk –wnk‖ + ‖wnk –w‖
= dist(xnk ,Tp) + ‖wnk –w‖
≤ μdist(xnk ,Txnk ) + ‖xnk – p‖ + ‖wnk –w‖
≤ μ∥∥xnk – z(i)nk
∥∥ + ‖xnk – p‖ + ‖wnk –w‖.




‖xnk –w‖ ≤ lim sup
k→∞
‖xnk – p‖.
From the Opial property, we have p = w ∈ Tp. Similarly, it can be shown that p ∈ Tip for
all i = , . . . ,N . Thus, p ∈ ⋂Ni= F(Ti).
Next, by mathematical induction, we can prove that, for i = , , . . . ,N ,
lim
j→∞
∥∥xnj – tmi xnj
∥∥ =  for eachm ∈N. (.)
Indeed, it is obvious that the conclusion it true for m = . Suppose the conclusion holds
form≥ . Since ti is uniformly L-Lipschitzian, we have
∥∥xnj – tm+i xnj
∥∥ ≤ ∥∥xnj – tmi xnj
∥∥ + ∥∥tmi xnj – tm+i xnj
∥∥
≤ ∥∥xnj – tmi xnj
∥∥ + L‖xnj – tixnj‖.
This shows that limj→∞ ‖xnj – tm+i xnj‖ =  for all i = , , . . . ,N . Hence, (.) holds.
From (.), we have for each x ∈D,m ∈N and i = , , . . . ,N ,
lim sup
j→∞
‖xnj – x‖ = lim sup
j→∞
∥∥tmi xnj – x
∥∥. (.)
Since ti is generalized asymptotically nonexpansive, we get
lim sup
j→∞
∥∥tmi xn – tmi p
∥∥ ≤ lim sup
j→∞
(









∥∥tmi xnj – tmi p
∥∥) ≤ lim sup
j→∞
‖xnj – p‖. (.)
By Proposition ., we have
∥∥∥∥xnj –











xnj – tmi p
)∥∥∥∥

≤ ‖xnj – p‖
 + 
∥∥xnj – tmi p
∥∥ – g










≤  lim supj→∞ ‖xnj – p‖
 +  lim supj→∞
∥∥xnj – tmi p
∥∥
– g
(∥∥p – tmi p
∥∥). (.)
By the Opial property and {xnj} converging weakly to p, we obtain
lim sup
j→∞
‖xnj – p‖ ≤ lim sup
j→∞
∥∥∥∥xnj –
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Then, by (.), we have
g
(∥∥p – tmp∥∥) ≤  lim sup
j→∞
∥∥xnj – tmi p
∥∥ –  lim sup
j→∞
‖xnj – p‖. (.)




(∥∥p – tmi p





∥∥xnj – tmi p




This shows that limm→∞ g(‖p – tmi p‖) =  for all i = , , . . . ,N . Then the properties of g
yield limm→∞ ‖p – tmi p‖ =  for all i = , , . . . ,N . So we have
‖tip – p‖ ≤
∥∥tip – tm+i p
∥∥ + ∥∥tm+i p – p
∥∥
≤ L∥∥p – tmi p
∥∥ + ∥∥tm+i p – p
∥∥ →  asm→ ∞.
This implies that tip = p for all i = , , . . . ,N . Thus, p ∈ ⋂Ni= F(ti).
Hence, we obtain p ∈F .
Finally, we show that {xn} converges weakly to p. To show this, suppose not. Then there
exists a subsequence {xnl } of {xn} such that {xnl } converges weakly to q ∈ D and q = p. By
the samemethod as given above, we can prove that q ∈F . By Lemma ., limn→∞ ‖xn –p‖
and limn→∞ ‖xn–q‖ exist. It follows by Lemma . that q = p. Thus, {xn} converges weakly
to a point in F . 
Remark . Theorem . extends and generalizes the results of Sokhuma and Kaewkhao
[] to a pair of a ﬁnite family of generalized asymptotically nonexpansive single-valued
mappings and a ﬁnite family of quasi-nonexpansivemulti-valuedmappings satisfying con-
dition (E). Theorems . and . extend and generalize the results of Eslamian [] and
Eslamian and Abkar [] to a pair of a ﬁnite family of generalized asymptotically nonex-
pansive single-valued mappings and a ﬁnite family of quasi-nonexpansive multi-valued
mappings satisfying condition (E).
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